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ABSTRACT 

This  memorandum p r e s e n t s  a method of o b t a i n i n g  t h e  
launch v e h i c l e  angle-of-at tack p r o f i l e  such t h a t  t h e  payload i n -  
j e c t e d  o n t o  a t r a n s l u n a r  t r a j e c t o r y  is  maximized. The Sa tu rn  V 
can i n j e c t  about  5 , 0 0 0  l b s .  of a d d i t i o n a l  payload by us ing  t h e  
optimum angle  of a t t a c k .  

The s t eepes t -descen t  method w a s  used t o  determine t h e  
optimum angle-of -a t tack  p r o f i l e .  This  method, which i s  d e r i v e d  
f r o m  t h e  c a l c u l u s  of v a r i a t i o n s ,  i s  an i t e r a t i v e  numerical  tech- 
n ique  of improving an i n p u t  c o n t r o l  v a r i a b l e  ( t h e  angle  of a t t a c k )  
such t h a t  t h e  payoff func t ion  ( t h e  i n j e c t e d  payload) i s  opt imized.  

The angle  of at tack is  c u r r e n t l y  k e p t  zero i n  o r d e r  t o  
minimize t h e  bending moment on t h e  launch v e h i c l e .  Optimized 
r e s u l t s  ob ta ined  s o  f a r  are f o r  an uncons t ra ined  angle  of a t t a c k ,  
b u t  a s t eepes t -descen t  computer program i s  a l s o  being developed 
t o  o b t a i n  t h e  optimum angle-of-at tack p r o f i l e  which  i s  cons t r a ined  
such t h a t  t h e  maximum bending moment does not  exceed an e s t a b l i s h e d  
va lue .  
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I.  INTRODUCTION 

C u r r e n t l y ,  a s  t h e  Sa turn  V launch v e h i c l e  ascends 
through t h e  atmosphere,  t h e  angle  of a t t a c k  i s  k e p t  zero.  Th i s  
memorandum p r e s e n t s  a method of f i n d i n g  t h e  angle-of -a t tack  pro- 
f i l e  such t h a t  t h e  payload i n j e c t e d  on to  a t r a n s l u n a r  t r a j e c t o r y *  
i s  maximized. The ang le  of  a t t a c k  ( a )  i s  t h e  ang le  between t h e  
v e h i c l e  l o n g i t u d i n a l  a x i s  and i t s  v e l o c i t y  v e c t o r  r e l a t i v e  t o  t h e  
atmosphere. 

The s t eepes t -descen t  method, which i s  a numerical  t ech-  
nique d e r i v e d  from ca lcu lus -o f -va r i a t ions  theo ry ,  was used t o  
f i n d  t h e  optimum ang le  of a t t a c k .  S e v e r a l  d e v i a t i o n s  from t h e  
s t a n d a r d  s t e e p e s t - d e s c e n t  method w e r e  made i n  o r d e r  t o  apply it 
t o  angle-of -a t tack  op t imiza t ion .  

The reason  f o r  c u r r e n t l y  keeping a zero i s  t o  minimize 
t h e  bending moment on t h e  v e h i c l e .  A measure of t h e  bending 
moment imposed i s  g iven  by q l a  I where q i s  t h e  dynamic p r e s s u r e .  
The re fo re ,  it i s  d e s i r e d  t o  opt imize a w i t h  a c o n s t r a i n t  on q l a l .  
For s i m p l i c i t y  t h i s  c o n s t r a i n t  has  no t  y e t  been used,  a l though 
t h e  s t eepes t -descen t  method allows such a c o n s t r a i n t  t o  be i m -  
posed,  and computer programming f o r  t h i s  ex tens ion  has been done. 

11. SIMULATION OF THE LAUNCH VEHICLE ASCENT 

I n  t h e  BCMASP (Bellcomm Apollo Simulat ion Program) 
t a r g e t  mode s imula t ion  of the  Sa tu rn  V a s c e n t  from launch t o  
e a r t h  o r b i t ,  t h e  ang le  of a t t a c k  of t h e  launch v e h i c l e  i s  k e p t  
zero** du r ing  f i rs t  s t a g e  f l i g h t .  A t  1 2  sec a f t e r  launch ( j u s t  
a f t e r  t o w e r  c l e a r a n c e ) ,  t h e  v e h i c l e  l o n g i t u d i n a l  a x i s  i s  i n s t a n -  
t aneous ly  r o t a t e d  eastward.  The amount of t h i s  r o t a t i o n ,  called 

*Al l  r e s u l t s  d i scussed  i n  t h i s  memorandum f o r  angle-of- 
a t t a c k  o p t i m i z a t i o n  w e r e  genera ted  t o  maximize payload i n s e r t e d  
i n t o  e a r t h  o r b i t .  These r e s u l t s  w e r e  converted by assuming t h a t  
t h e  a d d i t i o n a l  payload i n s e r t e d  i n t o  e a r t h  o r b i t  i s  t w i c e  t h a t  
i n j e c t e d  onto  a t r a n s l u n a r  t r a j e c t o r y .  

**The procedure f o r  doing t h i s  i s  c a l l e d  g r a v i t y  t u r n .  
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t h e  k i c k  ang le  ( A e l ) ,  i s  determined such t h a t  t h e  i n j e c t e d  pay- 
load  i s  maximized. A f t e r  t h e  launch escape system i s  j e t t i s o n e d  
d u r i n g  t h e  second s t a g e  f l i g h t ,  ano the r  i n s t a n t a n e o u s  r o t a t i o n  
( A e 2 )  t a k e s  p l a c e ,  and t h e  i n e r t i a l  p i t c h  r a t e  i s  set  e q u a l  t o  
a c o n s t a n t  ( w  ) .  The va lues  of h e 2  and w are determined such 
t h a t  two t e r m i n a l  c o n d i t i o n s  a r e  s a t i s f i e d :  o r b i t a l  a l t i t u d e  and 
zero f l i g h t  p a t h  angle  ( t h e  angle  between l o c a l  h o r i z o n t a l  and 
t h e  i n e r t i a l  v e l o c i t y  vector) .  The o t h e r  c o n d i t i o n  r e q u i r e d  f o r  
o r b i t a l  i n s e r t i o n ,  o r b i t a l  v e l o c i t y ,  is a u t o m a t i c a l l y  s a t i s f i e d  
by c u t t i n g  o f f  t h e  t h r u s t i n g  when t h i s  v e l o c i t y  i s  achieved. 

P2 P2 

A computer s imula t ion  s i m i l a r  t o  BCMASP i s  cons idered  
i n  t h i s  memorandum. A nonzero ang le  of a t t a c k  i s  used from 
1 2  sec a f t e r  launch u n t i l  f i r s t  s t a g e  cu to f f  t o  opt imize  payload 
and t o  h e l p  s a t i s f y  t e r m i n a l  c o n d i t i o n s .  The  assumptions used 
i n  t h e  s imula t ion  are e s s e n t i a l l y  t h e  same a s  t h o s e  used i n  
BCMASP; however, some s i m p l i f i c a t i o n s  w e r e  made t o  make t h e  i m -  
p lementa t ion  of angle-of -a t tack  o p t i m i z a t i o n  easier.  The m o s t  
s i g n i f i c a n t  d i f f e r e n c e s  from BCMASP a r e  a s  fo l lows:  

1. A t w o  dimensional ,  i n e r t i a l ,  r e c t a n g u l a r  c o o r d i n a t e  
system i n  t h e  o r b i t a l  p l ane  w a s  used i n s t e a d  of a 
t h r e e  dimensional coord ina te  system. T h i s  assumes 
t h a t  t h e  v e h i c l e  always remains i n  a p l ane .  

2 .  I n  o r d e r  t o  smooth t h e  e m p i r i c a l  t a b l e s  of t h e  l i f t  
and drag  c o e f f i c i e n t s  f o r  t h e  Sa turn  V v e h i c l e ,  poly- 
nominal f i t s  were used. These f u n c t i o n s  f a c i l i t a t e d  
f i n d i n g  t h e  d e r i v a t i v e s  of l i f t  and d rag ,  which a r e  
r e q u i r e d  by t h e  s t eepes t -descen t  method. 

3 .  I t  was assumed t h a t  t h e  atmosphere only ex tends  up t o  
t h e  a l t i t u d e  of f i r s t  s t a g e  c u t o f f  (about  2 0 0 , 0 0 0  f t )  
i n s t e a d  of t h e  a l t i t u d e  a t  which t h e  launch escape 
system i s  j e t t i s o n e d  (about  3 0 0 , 0 0 0  f t ) .  

111. THE STEEPEST-DESCENT METHOD 

The p h y s i c a l  problem of launch v e h i c l e  a s c e n t  can be 

The s o l u t i o n  t o  t h i s  
d e s c r i b e d  mathematical ly  by a d i f f e r e n t i a l  equa t ion  t h a t  depends 
on a c o n t r o l  v a r i a b l e  (angle  of a t t a c k ) .  
e q u a t i o n ,  which i s  c a l l e d  t h e  s t a t e  v e c t o r ,  must a l s o  s a t i s f y  
boundary cond i t ions  ( i n i t i a l  cond i t ions  p l u s  f i n a l  cond i t ions  
f o r  o r b i t  i n s e r t i o n ) .  I t  i s  d e s i r e d  t o  determine t h e  c o n t r o l  
v a r i a b l e  such t h a t  a payoff f u n c t i o n  ( i n j e c t e d  payload) i s  op- 
t imized .  For t h i s  problem, t h e  c a l c u l u s - o f - v a r i a t i o n s  theory  
does no t  show how t o  f i n d  an  optimum c o n t r o l ,  b u t  only g i v e s  a 
c o n d i t i o n  t h a t  i s  u s e f u l  i n  t e s t i n g  whether o r  n o t  a given 
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con t ro l  i s  optimum. The Hamiltonian c o n d i t i o n ,  which must be 
s a t i s f i e d  a t  each p o i n t  a long  t h e  t r a j e c t o r y  i f  a c o n t r o l  i s  
optimum, i s  

H = 0, 
CL 

where t h e  s u b s c r i p t  a denotes  p a r t i a l  d i f f e r e n t i a t i o n  w i t h  re- 
s p e c t  t o  t h e  c o n t r o l  and H i s  t h e  Hamiltonian. The Hamiltonian 
i s  a f u n c t i o n  of an a d j o i n t  v e c t o r ,  t h e  s t a t e  v e c t o r ,  t h e  con- 
t r o l ,  and a c o n s t a n t  v e c t o r  v t h a t  i s  t h e  s e n s i t i v i t y  of t h e  pay- 
o f f  t o  t h e  t e rmina l - cond i t ion  e r r o r s .  The a d j o i n t  v e c t o r  must 
be found by i n t e g r a t i n g  t h e  a d j o i n t  d i f f e r e n t i a l  equa t ions  back- 
wards s t a r t i n g  wi th  t h e  t r a n s v e r s a l i t y  c o n d i t i o n s .  

The s t eepes t -descen t  method can be de r ived  from t h e  
c a l c u l u s  of v a r i a t i o n s  (Reference 1, 2 o r  3 ) .  Given a non- 
optimum c o n t r o l ,  a ,  t h e  s t eepes t -descen t  method shows how t o  
make an e f f i c i e n t  change i n  t h i s  c o n t r o l ,  6 a .  I n  t h e  d e r i v a t i o n  
only  f i r s t  order var ia t ions are k e p t  so t h a t  6 a  only produces t h e  
d e s i r e d  r e s u l t  i f  a l l  changes produced are sma l l  enough t o  be con- 
s idered l i n e a r .  I f  t h e  problem w e r e  l i n e a r ,  s t e e p e s t  d e s c e n t  pre-  
d i c t s  t h a t  t h e  Hami l ton ian  cond i t ion  would be s a t i s f i e d  i f  a w e r e  
changed by an amount a ,  which i s  a func t ion  of t i m e ,  and t h a t  any 
c u r r e n t  t e r m i n a l  errors would be c o r r e c t e d  i f  a w e r e  changed by an 
amount b. I n  o r d e r  t o  s o l v e  non l inea r  problems a and b a r e  mul t i -  
p l i e d  by f a c t o r s  P and d P ,  r e s p e c t i v e l y ,  where 0 < P < 1 and 
0 < dP - < 1. Therefore ,  t h e  s t eepes t -descen t  equation-for 6a i s  

6a = a * P + b * dP. (1) 

I t  i s  only  necessary  t o  i n p u t  dP, which  i s  commonly c a l l e d  t h e  
s t e p  s i z e ,  s i n c e  P can be determined from dP by r e s t r i c t i n g  t h e  
change i n  c o n t r o l  allowed by p u t t i n g  a maximum on t h e  i n t e g r a l  
of (6a) . Of course ,  it i s  d e s i r a b l e  t o  s e t  t h e  s t e p  s i z e  dP a s  
l a r g e  as p o s s i b l e  y e t  smal l  enough t o  s a t i s f y  t h e  l i n e a r i t y  con- 
d i t i o n .  The t e r m s  a and b a r e  f u n c t i o n s  of t h e  a d j o i n t  v e c t o r ,  
t h e  s t a t e  v e c t o r ,  t h e  c o n t r o l  v a r i a b l e ,  and i n t e g r a l s  of these 
v a r i a b l e s ;  b i s  a l s o  a func t ion  of t h e  c u r r e n t  te rmina l  e r r o r s .  

2 
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I V .  PROGRAMMING OF STEEPEST DESCENT FOR ANGLE-OF-ATTACK 
OPTIMIZATION 

The procedure r equ i r ed  t o  o b t a i n  a c o r r e c t i o n  i n  t h e  
c o n t r o l ,  & a ,  by t h e  s t eepes t -descen t  method i s  as follows: 

I n i t i a l i z e  t h e  s t a t e  v e c t o r .  

I n t e g r a t e  t h e  equat ions  of motion forward i n  t i m e  
u s ing  t h e  p r e s e n t  c o n t r o l  (from an  i n p u t  t a b l e )  and 
gene ra t ing  tables  of t h e  s t a t e  v e c t o r .  

Determine t h e  payoff ( i n j e c t e d  payload) and t h e  ter-  
minal-condi t ion errors. 

Determine t h e  f i n a l  cond i t ions  on t h e  a d j o i n t  v e c t o r  
us ing  t h e  s t a t e -vec to r  f i n a l  cond i t ions .  

I n t e g r a t e  t h e  equat ions  f o r  t h e  a d j o i n t  v e c t o r  back- 
ward i n  t i m e  us ing  t h e  c o n t r o l  and s t a t e - v e c t o r  tables 
and gene ra t ing  t a b l e s  of t h e  a d j o i n t  v e c t o r .  Also 
e v a l u a t e  t h e  i n t e g r a l s  r equ i r ed  i n  t h e  s t e e p e s t -  
descen t  equat ion .  

Using t h e  te rmina l -condi t ion  e r r o r s ,  t h e  c o n t r o l  and 
ad jo in t -vec to r  t a b l e s ,  and t h e  i n t e g r a l s  found i n  t h e  
prev ious  s t e p ,  gene ra t e  t a b l e s  of t h e  c o e f f i c i e n t s  a 
and b i n  t h e  s t eepes t -descen t  equat ion .  

Obtain t h e  c o r r e c t i o n  i n  t h e  c o n t r o l  from equat ion  (1) 
us ing  t h e  t a b l e s  of a and b from t h e  previous  s t e p  and 
t h e  i n p u t  s t e p  s i z e  .dP. 

The fol lowing paragraphs d i s c u s s  t h e  changes t h a t  w e r e  
made t o  t h e  s t anda rd  s teepes t -descent  method i n  o r d e r  t h a t  it 
work f o r  angle-of-at tack opt imiza t ion .  Some of t h e s e  changes 
a f f e c t  t h e  procedure i n  f ind ing  6 a  as descr ibed  i n  t h e  prev ious  
paragraph.  These changes are r e f l e c t e d  i n  t h e  flow diagram of 
F igu re  1; t h e  o r i g i n a l  seven s t e p s  are numbered. 

Standard s t e e p e s t  descent  u ses  only one i n p u t  s t e p  s i z e  
as d i scussed  i n  Sec t ion  111. Due t o  numerical  d i f f i c u l t i e s  i n  
f i n d i n g  t h e  i n t e g r a l  of ( 6 a )  2 ,  t h e  s i n g l e - s t e p - s i z e  method was 
found i m p r a c t i c a l  f o r  t h i s  phys ica l  a p p l i c a t i o n .  Therefore ,  i t  
i s  necessary  t o  i n p u t  bo th  s t e p  s i z e s ,  P and dP. 

I t  i s  u s u a l l y  q u i t e  d i f f i c u l t  t o  choose f i x e d  s t e p  
s i zes  t h a t  w i l l  cont inue  t o  work e f f i c i e n t l y  i f  s e v e r a l  cyc le s  
( S a ' s )  are requ i r ed  t o  opt imize t h e  c o n t r o l .  Therefore ,  an 
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automat ic  s t e p  s i z i n g  procedure i s  used i n  t h e  s t e e p e s t - d e s c e n t  
program f o r  a op t imiza t ion .  For t h e  f i r s t  de t e rmina t ion  of 6a, 
an i n p u t  s t e p  s i z e  i s  used. Then i n  t h e  second p a s s  t h e r e  i s  a 
branching  a f t e r  s t e p  ( 3 )  of t h e  procedure l i s t e d  above. A new 
s t e p  s i z e  i s  t r i e d  i n  s t e p  (7), and t h e n  s t e p s  (1) through ( 3 )  
a r e  r epea ted  aga in .  This  cyc le  i s  r epea ted  u n t i l  an  a p p r o p r i a t e  
s t e p  s i z e  i s  found b e f o r e  proceeding on t o  s t e p  ( 4 ) .  Because 
t h e r e  are two s t e p  s izes  t o  be found, dP i s  found by an i n n e r  
loop  and P by an o u t e r  loop .  The s i z e  of dP i s  found so  a s  t o  
minimize t h e  sum of t h e  squares  of t h e  t e r m i n a l  e r r o r s ,  and P i s  
found so t h a t  t h e  i n j e c t e d  payload i s  maximized. 

I n  theo ry  i t  should be  p o s s i b l e  t o  correct t e rmina l  
errors and opt imize  t h e  payoff by a d j u s t i n g  t h e  c o n t r o l  v a r i a b l e ,  
b u t ,  f o r  t h e  p h y s i c a l  problem cons idered  here, t h i s  w a s  n o t  c o m -  
p l e t e l y  p o s s i b l e .  Only te rmina l  errors l a r g e r  than  a c e r t a i n  
minimum (because of numerical  d i f f i c u l t i e s )  and smaller than  a 
c e r t a i n  maximum (because of t h e  n o n l i n e a r i t y  of t h e  problem) can 
be c o r r e c t e d .  I n  a d d i t i o n ,  i n  t h i s  a c c e p t a b l e  r e g i o n ,  only one of 
t h e  t e rmina l  c o n d i t i o n s  ( e i t h e r  o r b i t a l  a l t i t u d e  o r  zero  f l i g h t  
p a t h  ang le )  can be c o r r e c t e d  because they  cannot  be made t o  re- 
spond independent ly  t o  changes i n  angle  of a t tack .  Therefore ,  
it w a s  necessary  t o  use  t h e  parameter c o n t r o l s  A e 2  and w 

s a t i s f y  t h e  t e r m i n a l  cond i t ions .  The  v a l u e s  of these parameters  
could be found by t h e  same method used i n  BCMASP, b u t  it was 
found more e f f i c i e n t  t o  use  a s t e e p e s t - d e s c e n t  method. An equa- 
t i o n  of t h e  same form as equat ion  (1) is  used wi th  P = 0; b i s  
a f u n c t i o n  of t h e  t e rmina l  e r r o r s  and i n t e g r a l s  of t h e  same ad- 
j o i n t  v e c t o r  as used i n  equat ion (1). 

used t o  c o r r e c t  t e r m i n a l  e r rors ,  dP i n  equa t ion  (1) can  be se t  
e q u a l  t o  zero.  

t o  
P2 

Since  A e 2  and w a r e  now 
P2 

V. PRELIMINARY RESULTS 

The t e rmina l  cond i t ions  and t h e  payoff a r e  much more 
s e n s i t i v e  t o  changes i n  c1 e a r l y  i n  t h e  t r a j e c t o r y  than  t o  changes 
l a t e r .  Therefore ,  it i s  easier,  though less e f f e c t i v e ,  t o  c o r r e c t  
t e r m i n a l  e r r o r s  and t o  opt imize payoff by implementing an angle- 
o f - a t t a c k  p r o f i l e  l a t e r  i n  t h e  t r a j e c t o r y  whi le  c o n s t r a i n i n g  c1 

t o  be zero  i n  t h e  ear l ier  p a r t  of t h e  t r a j e c t o r y .  T h i s  procedure 
w a s  used whi le  debugging t h e  s t eepes t -descen t  program w i t h  t h e  
g o a l  of moving up t h e  t i m e  a t  which op t imiza t ion  i s  s t a r t e d  un- 
til it i s  a t  1 2  sec a f t e r  launch. 

F igu re  2 shows t h e  a d d i t i o n a l  payload t h a t  can be i n -  
j e c t e d  on to  a t r a n s l u n a r  t r a j e c t o r y  by us ing  an unconstrained 
optimum angle  of a t t a c k  s t a r t i n g  a t  v a r i o u s  t i m e s  a f t e r  launch 
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dur ing  f i r s t  s t a g e  f l i g h t . *  
can be added i f  o p t i m i z a t i o n  i s  s t a r t e d  b e f o r e  about  1 0 0  sec 
a f t e r  launch. The payload t h a t  can be added i n c r e a s e s  more and 
more r a p i d l y  a s  o p t i m i z a t i o n  i s  s t a r t e d  e a r l i e r .  For opt imiza-  
t i o n  s t a r t e d  a t  1 2  sec a f t e r  launch ,  about  5 , 0 0 0  l b s  of addi -  
t i o n a l  payload can be i n j e c t e d  o n t o  a t r a n s l u n a r  t r a j e c t o r y .  I n  
o r d e r  t o  o b t a i n  t h e s e  r e s u l t s  by t h e  s t e e p e s t - d e s c e n t  method, t h e  
fo l lowing  number of i n t e r a t i o n  c y c l e s  ( S a ' s )  and charge u n i t s  on 
t h e  Univac 1 1 0 8  computer were r e q u i r e d :  

These r e s u l t s  i n d i c a t e  t h a t  payload 

Opt imiza t ion  S t a r t e d  

1 0 0  sec 
54.5 sec 
2 2  sec 

Cvcles 

4 
4 

29 

Charge 

45 
1 0 0  
700 

Many improvements remain t o  be  made t o  i n c r e a s e  t h e  
e f f i c i e n c y  and r e l i a b i l i t y  of t h e  s t e e p e s t - d e s c e n t  method a s  
a p p l i e d  t o  launch v e h i c l e  payload op t imiza t ion .  A t  p r e s e n t  it 
does  n o t  converge us ing  automatic  s t e p  s i z i n g  f o r  op t imiza t ion  
s t a r t e d  a t  1 2  sec a f t e r  launch; s e v e r a l  computer runs  a r e  nec- 
e s s a r y  t o  o b t a i n  t h e  optimum. Convergence could be obta ined  
much f a s t e r  i f  a method more s o p h i s t i c a t e d  t h a n  s t eepes t -descen t  
could be used. Implementation of such a method, c a l l e d  M i n - H  
(Refe rence  3 ) ,  has been t r i e d  b u t  has  n o t  y e t  been s u c c e s s f u l .  

V I .  CONCLUSION 

The s t eepes t -descen t  method can  be used t o  opt imize  
t h e  angle-of -a t tack  p r o f i l e  such t h a t  t h e  launch v e h i c l e  pay- 
load  i n j e c t e d  on to  a t r a n s l u n a r  t r a j e c t o r y  i s  maximized. For 
uncons t ra ined  angle-of -a t tack ,  t h e  a d d i t i o n a l  payload t h a t  can  
be i n j e c t e d  i s  about  5,000 lbs. 

2 0 13-DGE- s Ir 

Attachments 

* A e l  has n o t  been opt imized i n  t h e s e  r e s u l t s ,  so f o r  

o p t i m i z a t i o n  s t a r t e d  l a t e r  than 1 2  sec a f t e r  launch, a f e w  hun- 
d red  more pounds of payload could be  i n j e c t e d  onto  a t r a n s l u n a r  
t r a j e c t o r y .  
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